We develop a novel nonparametric likelihood ratio test for independence between two random variables using a technique that is free of the common constraints of defining a given set of specific dependence structures. Our methodology revolves around an exact density-based empirical likelihood ratio test statistic that approximates in a distribution-free fashion the corresponding most powerful parametric likelihood ratio test. We demonstrate that the proposed test is very powerful in detecting general structures of dependence between two random variables, including non-linear and/or random-effect dependence structures. An extensive Monte Carlo study confirms that the proposed test is superior to the classical nonparametric procedures across a variety of settings. The real-world applicability of the proposed test is illustrated using data from a study of biomarkers associated with myocardial infarction.
. However, in many cases tests based on Kendall (e.g., Christensen, 2002) . In many practical data analysis settings, it is of interest to develop a general coefficient that can efficiently detect both linear and non-linear dependence between random variables.
Our goal is to propose a test for independence that is powerful in detecting a variety of complex dependence structures. In addition to linear/nonlinear dependence structures, the present applied biostatistical literature introduces random-effect-type associations between two sets of observations. For example, in the context of a lung cancer study, Gu et al. (2012) proposed to examine the dependence relationship of two polymorphisms rs1051730 and rs8034191 in random-effect-type model formulation. We aim to develop a simple and highly efficient nonparametric test that can be applied to detect dependence, including complex random effect type associations between two random variables. Towards this end, we construct a novel exact nonparametric likelihood ratio type test.
The likelihood ratio approach provides a basis for many important procedures and methods in statistical inference. When functional forms of data distributions are completely specified under the hypothesis to be tested the parametric likelihood approach is unarguably a powerful tool that can provide optimal statistical inference. In such cases, by virtue of the Neyman-Pearson lemma, the likelihood ratio tests yield the most powerful decision rules (e.g., Lehmann and Romano, 2005 ; Vexler and Wu, 2009; Vexler et al., 2010a). However, the parametric likelihood methods cannot be applied properly if assumptions on the forms of distributions of data do not hold. Often, in the context of likelihood applications the use of misspecified parametric forms of data distributions may result in wrong and/or inaccurate statistical conclusions. It is also well-known that when these key assumptions are not met, the parametric approach may be extremely biased and inefficient when compared to robust nonparametric counterparts. In this paper, we provide a nonparametric strategy to approximate an optimal parametric likelihood ratio test-statistic via an empirical likelihood methodology.
Empirical likelihood (EL) concepts were introduced as nonparametric alternatives to parametric likelihood methods. The EL method for testing has been dealt with extensively across a variety of settings (e.g., Qin and Lawless, 1994; Owen, 2001; Lazar and Mykand, 1998; Lazar, 2003; Vexler et al., 2009 Vexler et al., , 2010b Vexler et al., , 2011 Vexler et al., , 2012b that by applying the dbEmpLike approach we avoid having to specify a specific dependence structure, and hence we can efficiently detect linear, non-linear, and/or random-effect forms of dependence. An extensive Monte Carlo study is employed to support this conclusion. We observe that the proposed test either has relatively small power loss or is comparable to classical tests for independence when data has an exact linear dependence. On the other hand, in the cases of non-monotonic and/or random-effect type structures of the dependence, the proposed test is superior to the classical methods in terms of power gains. The asymptotic consistency of the proposed test is presented.
The paper is organized as follows. In Section 2, we introduce the dbEmpLike ratio test
statistic. An extensive Monte Carlo comparison between the proposed test and the classical procedures is shown in Section 3. We discuss the performance of the tests under different alternative designs involving linear, non-linear and/or random-effect type forms of dependence.
We show that the proposed test outperforms the classical tests in most of the scenarios we considered. In Section 4 the proposed test is applied to a biomarker study associated with myocardial infarction (MI) disease. The data set was collected from a sample of randomly selected residents of Erie and Niagara counties at the age of 35 to 79 years. This study examined the diagnostic ability of the thiobarbituric acid-reactive substances (TBARS) biomarker for MI disease by indirectly testing for independence between the TBARS biomarker values and the other measurements related to vitamin E and cholesterol biomarkers. The epidemiological literature indicates significant associations between the biomarkers vitamin E, cholesterol, and the MI disease. We conclude with remarks in Section 5.
METHOD
In this section, we develop the dbEmpLike test of association between random variables X and .
Y The asymptotic consistency of the proposed test is presented. The null distribution of the test statistic is examined in detail, and we prove that the test offers exact control of the Type I error rate.
Development of the test statistic
Assume we observe a sample of i. 
where  is a Lagrange multiplier. Calculating roots of , ,...,
Thus, the dbEmpLike estimator of the likelihood ratio 
Note that the term 
where
is defined in Equation ( 
where the function  
x denotes the nearest integer to x .
Accordingly, the decision rule of the proposed test is to reject the null hypothesis if 
Remark:
The test statistic defined at (5) has a dbEmpLike ratio type form. Note that one can simplify this test statistic by taking into account that product of all the denominators from Equation (2) is simply a constant dependent on n . 
the following proposition demonstrates the consistency of the proposed test. 
Null distribution
In 
(For details regarding distribution free test constructions based on n F see Crouse, 1966) . Hence, it follows that
Therefore, the proposed method is distribution-free. Johnson (1987) 
Cauchy distribution
In this section we also examine numerically the power of a test proposed by Einmahl and McKeague (2003) . Those authors constructed a test statistic by localizing the empirical likelihood using one or more 'time' variables implicit in the null hypothesis and then forming integrals of the log-likelihood ratio statistic. Table 3 shows the results of the power evaluations of the proposed test (" Table 2 at each sample size n. This study demonstrates the dbEmpLike test is superior to the considered classical tests in most scenarios under the designs of Groups 1-3.
The power differences between the novel test and the classical tests become more substantial as the sample size increases. For example, when the sample sizes are n=30 and n=35 the power of the proposed test is roughly two times larger than that of the classical tests given We conducted a brief evaluation of the data-driven rank tests for independence proposed in Kallenberg and Ledwina (1999) . In order to develop these tests it was assumed that the observed samples are distributed following the joint density function given as 
, for some j and s, to be consistent. Our Monte Carlo study showed that the data-driven rank tests had relatively low power when we generated, e.g., 
the results were 0.72, 0.66 (the data-driven rank tests) versus 1, 0.08, 0.26, 0.40, 1 (" ) log( n VT ", "Kendall", "Pearson", "Spearman" and "EMcK" tests).
, the results were 0.58, 0.54 (the data-driven rank tests) versus 0.83, 0.02, 0.011, 0.03, 0.78 (" ) log( n VT ", "Kendall", "Pearson", "Spearman" and "EMcK" tests).
Based on the Monte Carlo results, we conclude that the proposed test exhibits high and stable power characteristics in comparison to the well-known classical procedures. Specifically, the proposed test performs reasonably well, and is generally competitive with the classical tests in the cases of linear forms of dependence. On the other hand, the proposed test significantly outperforms the classical tests in terms of the power properties when detecting the nonlinear forms of bivariate dependence including random-effect type dependencies. 
DATA ANALYSIS
In this section, we present a data example to illustrate the practical application of the proposed test.
The use of thiobarbituric acid-reactive substances (TBARS) as a value to summarize total circulating oxidative stress in individuals is common in laboratory research (Armstrong, 1994 where the conditional density
By virtue of the Mean Value Theorem we have
Thus, taking into account (A.2), we can constrain values of , , , 1
The constraint at Equation (A.3) depends on the unknown theoretical distributions of the underlying observations. To obtain an empirical constraint corresponding to Equation (A. 
APPENDIX B: PROOFS
This appendix comprises a proof scheme to establish Proposition 1.
Proof of Proposition 1.
We first study the elements of ) , ( r m i  defined in (2) . Towards this end we denote
, where n F is defined in (2) . It is clear that
, and
. Then, since the definitions (2), (4) and
, the statistic at Equation (3) can be reformulated as 
Towards this end, we apply the theorem of Kolmogorov (e.g., Serfling, 1980): for all
Now we consider the case of 
In this case, we also have 
Similarly, one can show that
Now we consider the last term of (B.1) to show that 0 log , , 1
. To this end, we apply Theorem 1 of Kiefer (1961) ; that is, for all 
Now we note that the test statistic at Equation (5) can be presented in the form where
(Here, for the sake of clarity and without loss of generality, we represent
instead of the long notation shown in (2)).
Thus, we can consider ) log( Consider the numerator term in the right-hand side of (B.8). We apply the Taylor argument to obtain the following result: 
